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ABSTRACT: Accelerated molecular dynamics (aMD) simulations greatly improve the eﬃciency of conventional molecular
dynamics (cMD) for sampling biomolecular conformations, but they require proper reweighting for free energy calculation. In
this work, we systematically compare the accuracy of diﬀerent reweighting algorithms including the exponential average,
Maclaurin series, and cumulant expansion on three model systems: alanine dipeptide, chignolin, and Trp-cage. Exponential
average reweighting can recover the original free energy proﬁles easily only when the distribution of the boost potential is narrow
(e.g., the range ≤20kBT) as found in dihedral-boost aMD simulation of alanine dipeptide. In dual-boost aMD simulations of the
studied systems, exponential average generally leads to high energetic ﬂuctuations, largely due to the fact that the Boltzmann
reweighting factors are dominated by a very few high boost potential frames. In comparison, reweighting based on Maclaurin
series expansion (equivalent to cumulant expansion on the ﬁrst order) greatly suppresses the energetic noise but often gives
incorrect energy minimum positions and signiﬁcant errors at the energy barriers (∼2−3kBT). Finally, reweighting using cumulant
expansion to the second order is able to recover the most accurate free energy proﬁles within statistical errors of ∼kBT,
particularly when the distribution of the boost potential exhibits low anharmonicity (i.e., near-Gaussian distribution), and should
be of wide applicability. A toolkit of Python scripts for aMD reweighting “PyReweighting” is distributed free of charge at http://
mccammon.ucsd.edu/computing/amdReweighting/.
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the bovine pancreatic trypsin inhibitor (BPTI)3 and a G-protein
coupled receptor (GPCR).4
In addition to enhanced conformational sampling, it is
appealing to reweight aMD simulations to recover the original
free energy landscapes of functional biomolecules. In theory,
frames of aMD simulations can be reweighted by the
Boltzmann factors of the corresponding boost potential (i.e.,
eΔV/kBT) and averaged over each bin of selected reaction
coordinate(s) to obtain the canonical ensemble, an algorithm

INTRODUCTION

Accelerated molecular dynamics (aMD) is an enhanced
sampling technique that works by ﬂattening the molecular
potential energy surface, often by adding a non-negative boost
potential when the system potential is lower than a reference
energy. The boost potential, ΔV decreases the energy barriers
and thus accelerates transitions between diﬀerent low-energy
states.1 With this, aMD is able to sample distinct biomolecular
conformations and rare barrier-crossing events that are not
accessible to conventional molecular dynamics (cMD)
simulations. AMD has been successfully applied to a number
of biological systems2 and hundreds-of-nanosecond aMD
simulations have been shown to capture millisecond-time
scale events in both globular and membrane proteins, such as
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termed “exponential average” here. However, exponential
reweighting is known to suﬀer from large statistical noise in
practical calculations5 because the Boltzmann reweighting
factors are often dominated by a very few frames with high
boost potential.
In an eﬀort to avoid the energetic noise, scaled molecular
dynamics (scaled MD) has been developed to ﬂatten the
biomolecular potential energy surface using a single scaling
factor, enabling population-based reweighting and signiﬁcantly
improving the reweighted free energy proﬁles as demonstrated
on alanine dipeptide and chignolin.5d While scaled MD
provides a great advantage for simulation reweighting, it scales
the system potential uniformly and does not allow selective
acceleration of biomolecular conformational changes as does
aMD, for example, applying boost potential to protein dihedrals
only1a or subdomains of a protein.6 Moreover, small numerical
errors can also occur in the reweighting of scaled MD
simulations and are the subject of an ongoing study.
AMD has also been combined with replica exchange (i.e.,
REXAMD) for optimal conformational sampling and free
energy calculations of protein−ligand binding.7 REXAMD
provides an approach to calculate the free energy directly from
the simulation replica with zero boost potential (i.e.,
unaccelerated).7c However, it has been shown that including
statistics collected from accelerated runs can improve the ﬁnal
reweighted free energies.7b Moreover, REXAMD can be
challenging in practice, as the optimal acceleration parameters
for each replica are a priori not known. Thus, accurate
reweighting of aMD simulations is still of key interest for free
energy calculations. Such need also emerges in using aMD
enhanced sampling simulations to build Markov state models.8
Importantly, aMD does not require any predeﬁned reaction
coordinate(s), unlike other biased free energy calculation
methods, including the umbrella sampling,9 metadynamics,10
adaptive biasing force (ABF) calculations,11 and orthogonal
space sampling.12 Thus, aMD can be advantageous for
exploring the biomolecular conformational space without a
priori knowledge or restraints and calculating the system free
energy landscape through postsimulation analysis. However,
the biasing potential applied in aMD simulations is on the order
of tens to hundreds of kcal/mol, which is much greater in
magnitude and wider in distribution than that of other biasing
simulation methods that make use of predeﬁned reaction
coordinates (e.g., several kcal/mol). This leads to grand
challenge for accurate reweighting of aMD simulations. A
thorough analysis of the advantages and disadvantages of
diﬀerent algorithms for aMD reweighting is still lacking. Open
questions include how to eﬀectively suppress the energetic
noise encountered in exponential reweighting, and what are the
limiting parameters for accurate reweighting of aMD
simulations in terms of system size and levels of acceleration.
Note that the reweighting algorithms discussed in this study
shall be applicable to all biasing simulation methods for
recovering the original free energy proﬁles.
In previous aMD studies of proteins, Maclaurin series
expansion was applied to approximate the exponential term
eΔV/kBT and it was found less noisy than the exponential
reweighting.3 Furthermore, Shen and Hamelberg showed that
cumulant expansion eﬀectively smoothed the free energy
proﬁles of alanine dipeptide obtained from aMD simulations.5a
Cumulant expansion has also been widely used in free energy
calculations of biomolecules in nonequilibrium simulations
based on the Jarzynski’s equality,13 for example, fast-growth

thermodynamic integration14 and steered molecular dynamics.15 Particularly, when the boost potential or its equivalent
follows Gaussian distribution, the cumulant expansion to the
second order is exact for calculating the average of exponentials.
This has been known as “Gaussian ﬂuctuation approximation”
and applied to calculate electrostatic free energies of solutes in
solution.16
Here, reweighting algorithms including the exponential
average, Maclaurin series, and cumulant expansion are
compared systematically for analyzing aMD simulations of
three extensively studied biomolecular model systems, that is,
alanine dipeptide, chignolin, and Trp-cage. The latter two are
known to be fast-folding proteins.17 The distributions of boost
potential applied in the aMD simulations are analyzed in detail
to address the limiting parameters for accurate aMD
reweighting.

■

METHODS
Accelerated Molecular Dynamics. Accelerated molecular
dynamics (aMD) enhances the conformational sampling of
biomolecules, often by adding a non-negative boost potential to
the system when the system potential is lower than a reference
energy:1,5b
V *(r ) = V (r ),

V (r ) ≥ E

V *(r ) = V (r ) + ΔV (r ), V (r ) < E

(1)

where V(r) is the original potential, E is the reference energy,
and V*(r) is the modiﬁed potential. In the simplest form, the
boost potential, ΔV(r) is given by
ΔV (r ) =

(E − V (r ))2
α + E − V (r )

(2)

where α is the acceleration factor. As the acceleration factor α
decreases, the energy surface is ﬂattened more and
biomolecular transitions between the low-energy states are
increased.
Two versions of aMD that provide diﬀerent acceleration
levels of biomolecules are termed “dihedral-boost”1a and “dualboost”.1b In dihedral-boost aMD, boost potential is applied to
all dihedrals in the system with input parameters (Edihed, αdihed).
In dual-boost aMD, a total boost potential is applied to all
atoms in the system in addition to the dihedral boost (i.e.,
Edihed, αdihed; Etotal, αtotal). Previous applications have suggested
the following parameters for proper acceleration of conformational changes in globular proteins3 and they are used in this
study of alanine dipeptide, chignolin and Trp-cage
Edihed = Vdihed_avg + 3.5Nres ,

αdihed = 3.5Nres/5

Etotal = Vtotal_avg + 0.175Natoms , αtotal = 0.175Natoms

(3)

where Nres is number of protein residues, Natoms is the total
number of atoms, and Vdihed_avg and Vtotal_avg are the average
dihedral and total potential energies calculated from short cMD
simulations, respectively.
Energetic Reweighting. For an aMD simulation of a Natom biomolecular system, the probability distribution along a
selected reaction coordinate(s) A(r) is written as p*(A), where
r denotes the atomic positions {r1,···,rN}. Given the boost
potential ΔV(r) of each frame, p*(A) can be reweighted to
recover the canonical ensemble distribution, p(A), as
B
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Table 1. Biomolecular Model Systems Simulated with Accelerated Molecular Dynamics (aMD) in the Present Studya
system

Nres

Natoms

alanine dipeptide

2

1912

10
20

6773
34 370

chignolin
Trp-cage

aMD

dihedral/dual-boost

ΔVavg (kcal/mol)

σΔV (kcal/mol)

δΔV (kcal/mol)

20 ns × 5
20 ns × 5, 1000 ns
300 ns × 3
500 ns × 4

dihedral-boost
dual-boost
dual-boost
dual-boost

3.1
4.2
8.5
38.8

1.8
2.1
3.2
7.0

11.7
18.5
31.9
70.8

cMD
1000 ns
1000 ns × 2
1000 ns × 2

Nres and Natoms are the number of residues and system atoms, respectively. ΔVavg, σΔV, and δΔV are the average, standard deviation, and range
(maximum−minimum) of the aMD boost potential, ΔV.

a

p(Aj ) = p*(Aj )

⟨e β ΔV (r)⟩j
M

∑ j = 1 ⟨e β ΔV (r)⟩j

,

When the distribution of boost potential ΔV within a bin
satisﬁes the Gaussian distribution, cumulant expansion to the
second order provides an accurate approximation of the
exponential reweighting factor. In this study, we introduce a
quantity called “anharmonicity”,19 γ to characterize the
distribution of aMD boost potential as follows. Given ΔV for
frames found in one bin of the selected reaction coordinate(s),
the normalized probability distribution can be obtained p(ΔV)
and its entropy is calculated as

j = 1, ···, M
(4)
βΔV(r)

where M is the number of bins, β = 1/kBT and ⟨e
⟩j is the
ensemble-averaged Boltzmann factor of ΔV(r) for simulation
frames found in the jth bin. The above equation provides an
“exponential average” algorithm for reweighting of aMD
simulations. As the Boltzmann reweighting factors are often
dominated by high boost potential frames, the distribution of
ΔV is characterized by its standard deviation σΔV and the range
δΔV=ΔVmax − ΔVmin. The reweighted potential of mean force
(PMF) is calculated as F(Aj) =−(1/β) ln p(Aj).
Furthermore, the exponential term can be approximated by
summation of the Maclaurin series of boost potential ΔV(r)
with the reweighting factor rewritten as
∞

⟨e

βΔV

⟩=

∑
k=0

SΔV = −

⟨e

⎧ ∞ βk ⎫
⟩ = exp⎨
∑ Ck ⎪⎬
⎪
⎩ k = 1 k! ⎭
⎪

+

(6)

C1 = ⟨ΔV ⟩
C2 = ⟨ΔV 2⟩ − ⟨ΔV ⟩2 = σΔ2V
(7)

The free energy can then be derived from cumulant expansion
as
1
β

∞

∑
k=1

βk
Ck + Fc
k!

(8)

where F*(Aj) is the modiﬁed free energy surface sampled in the
aMD simulation and the constant Fc = (1/β) ln ΣjM= 1⟨eβΔV(r)⟩j.
In principle, reweighting using cumulant expansion is able to
greatly suppress the energetic noise, since it collectively
reweights many data points along the chosen reaction
coordinate(s). Note that the Maclaruin series expansion is
equivalent to cumulant expansion on the ﬁrst order:
∞

⟨e β ΔV ⟩ =

∑
k=0

βk
⟨ΔV k⟩ = e β⟨ΔV ⟩
k!

(10)

(11)

∫0

1
ln(2πeσ 2)
2

∞

p(ΔV )ln(p(ΔV )) dΔV

(12)

When γ is zero, the boost potential follows ideal Gaussian
distribution and cumulant expansion to the second order is
expected to provide accurate reweighted free energy proﬁles. As
γ increases, the ΔV distribution becomes less harmonic and the
reweighted PMF obtained from cumulant expansion to the
second order deviates from the original free energy proﬁle.
Thus, γ serves as an eﬀective indicator of aMD reweighting
accuracy using cumulant expansion to the second order.
Simulation Protocols. All cMD and aMD simulations of
alanine dipeptide, chignolin, and Trp-cage were performed
using AMBER with the ﬀ99SB force ﬁeld on GPUs20 using the
SPFP precision model.21 The simulated systems were built
using the Xleap module of the AMBER package. Alanine
dipeptide and chignolin were constructed as described
previously.5d For Trp-cage, the amino acid sequence was
obtained from the PDB code 2JOF22 and an extended
polypeptide was built as the starting structure. By solvating
the structures in a TIP3P23 water box that extends 8 to 10 Å
from the solute surface, the alanine dipeptide system contained
630 water molecules, 2211 waters for chignolin, and 11 355
waters for Trp-cage. The total number of atoms in the three
systems are 1912, 6773, and 34 370 for alanine dipeptide,
chignolin, and Trp-cage, respectively (Table 1).
In AMBER simulations of the three systems, bonds
containing hydrogen atoms were restrained with the SHAKE
algorithm24 and thus a 2 fs time step was used. Weak coupling
to an external temperature and pressure bath was used to

where the ﬁrst three cumulants are given by

F(Aj ) = F *(Aj ) −

1
ln(2πeσ 2)
2

γ = Smax − SΔV =

⎪

C3 = ⟨ΔV 3⟩ − 3⟨ΔV 2⟩⟨ΔV ⟩ + 2⟨ΔV ⟩2

p(ΔV )ln(p(ΔV )) dΔV

where σ is the standard deviation of the ΔV distribution. Then,
the distribution anharmonicity, γ of boost potential ΔV is
obtained as

(5)

where the subscript j has been suppressed. The Maclaurin series
expansion up to the 5th−10th order has been used in practice
to reweight aMD trajectories.3 The reweighted PMF proﬁles
are typically less noisy than those obtained from exponential
average reweighting.
Finally, the ensemble-averaged reweighting factor can also be
approximated using cumulant expansion:14,18
βΔV

∞

Assuming ΔV satisﬁes exactly Gaussian distribution, for which
the boost potential achieves perfect sampling, its maximum
entropy is given by
Smax =

βk
⟨ΔV k⟩
k!

∫0

(9)
C
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Figure 1. (A) Scheme representation of backbone dihedrals Φ and Ψ in alanine dipeptide. (B) The probability distribution of boost potential ΔV
obtained from ﬁve independent 20 ns dihedral-boost aMD (aMD) and dual-boost aMD (aMD_DB) simulations.

control both temperature and pressure.25 The electrostatic
interactions were calculated using the PME (particle mesh
Ewald summation)26 with a cutoﬀ of 8.0 Å for long-range
interactions.
The three systems were initially minimized for 2000 steps
using the conjugate gradient minimization algorithm and then
the solvent was equilibrated for 50 ps in isothermal−isobaric
(NPT) ensemble with the solute atoms ﬁxed. Another
minimization was performed with all atoms free and the
systems were slowly heated to 300 K over 500 ps. Final system
equilibration was achieved by a 200 ps isothermal−isovolumetric (NVT) and 400 ps NPT run to ensure that the water
box of simulated systems had reached the appropriate density.
Then, production simulations were performed in the NVT
ensemble. The aMD acceleration parameters were calculated
using the ﬁrst 100 ns cMD simulation of each system.
For alanine dipeptide, one 1000 ns cMD simulation and ﬁve
independent 20 ns dihedral-boost and dual-boost aMD
simulations were obtained for calculating free energies. One
of the ﬁve dual-boost aMD simulations was also extended to
1000 ns as a converged reference. For chignolin, two
independent 1000 ns cMD simulations and three independent
300 ns dual-boost aMD simulations were compared. For Trpcage, two independent 1000 ns cMD simulations and four
independent 500 ns dual-boost aMD simulations were obtained
for comparison. The simulation frames were saved every 0.2 ps
for trajectory analysis. A summary of the simulations is listed in
Table 1.
PMF proﬁles were calculated for backbone dihedrals Φ and
Ψ in alanine dipeptide, Φ4 and Ψ4 for Pro4 in chignolin, and
Φ12 and Ψ12 for Pro12 in Trp-cage. Two-dimensional PMF
proﬁles of (Φ, Ψ) in alanine dipeptide were also analyzed. In
case of multiple independent cMD/aMD simulations, PMF
proﬁles obtained by averaging the independent runs were used.
Calculations using ﬁve diﬀerent bin sizes 3, 6, 9, 12, and 15 for
backbone dihedrals in alanine dipeptide (Supporting Information Figure S1) showed that when the bin size is 3, the number
of sampling points can be smaller than 10 with no converged
free energy values for several bins in the energy barrier region at
Φ = 0° (see Supporting Information Figure S1A). As the bin

size is increased to 6 or above, the free energy proﬁles exhibit
slight variations. Furthermore, with increasing bin size the
anharmonicity is found to decrease monotonically (Supporting
Information Figures S1C and S1D), because of the fact that
more data points with similar distribution width are collected in
each bin. Therefore, a bin size of 6 is selected to balance
between reducing the anharmonicity and increasing the bin
resolution. When the number of simulation frames within a bin
is lower than a certain limit (i.e., cutoﬀ), the bin is not
suﬃciently sampled and thus excluded for reweighing. The
cutoﬀ can be determined by iteratively increasing it until the
minimum position of the PMF proﬁle does not change. The
ﬁnal cutoﬀ was set as 10, 50, and 500 for reweighting of aMD
simulations on alanine dipeptide, chignolin, and Trp-cage,
respectively.
For Chignolin and Trp-cage, the root-mean-square deviation
(RMSD) of the protein Cα atoms relative to the experimentally
determined folded structure were calculated from each cMD
simulation and plotted in Supporting Information Figure S6.
Folding of the two proteins were observed in all the presented
simulations with RMSD decreased to ∼2 Å. This justiﬁes that
conformations of the two fast-folding proteins are well sampled.
Furthermore, averaging of the two independent cMD runs for
each system is presented. The error bars provide an estimate of
the simulation accuracy. The RMSD plots for aMD simulations
of both Chignolin and Trp-cage are obtained as well in the
Supporting Information Figure S7, depicting more frequent
folding of the two fast-folding proteins. AMBER trajectories
were analyzed using the ptraj tool. A toolkit of Python scripts
“PyReweighting” was used to reweight the aMD simulations to
calculate both 1D and 2D free energy proﬁles.

■

RESULTS AND DISCUSSION
Using exponential average, Maclaurin series and cumulant
expansion, reweighting of aMD simulations yields PMF proﬁles
of backbone dihedrals Φ and Ψ in alanine dipeptide, Φ4 and Ψ4
for Pro4 in chignolin, and Φ12 and Ψ12 for Pro12 in Trp-cage.
The two proline residues in chignolin and Trp-cage are located
in the middle region of the protein chain and conformational
changes in their backbone dihedrals have been suggested to
D
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Figure 2. Free energy proﬁles of backbone dihedrals Φ and Ψ in alanine dipeptide calculated by reweighting ﬁve independent 20 ns dihedral-boost
aMD simulations using (A, B) exponential average, (C, D) Maclaurin series expansion to the 10th order, (E, F) cumulant expansion to the 1st, 2nd,
and 3rd orders. The free energy proﬁles obtained from a 1000 ns cMD simulation are also plotted for comparison.

Furthermore, the normalized distribution of ΔV is not
symmetric with the left wing truncated at 0 kcal/mol and
right wing stretched to 11.7 kcal/mol (Figure 1B). Due to shift
of ΔV to higher values, the left wing of the ΔV distribution is
less truncated in dual-boost aMD simulations than in the
dihedral-boost aMD. The standard deviation of ΔV in dualboost aMD is 2.1 kcal/mol, which is slightly higher than that of
dihedral-boost aMD (1.8 kcal/mol).
In the dihedral-boost aMD simulations, the distribution of
ΔV is narrow with a range δΔV ≤ 12 kcal/mol (20kBT).
Exponential average reweighting is able to recover the original

play a key role in the protein folding.17 The reweighted PMF
proﬁles of aMD simulations are compared with those of longtime scale cMD simulations to examine accuracy of the three
diﬀerent aMD reweighting algorithms.
Alanine Dipeptide. The PMF proﬁles of backbone
dihedrals Φ and Ψ in alanine dipeptide (Figure 1A) obtained
by reweighting ﬁve independent 20 ns dihedral-boost and dualboost aMD simulations are compared with those of a 1000 ns
cMD simulation. In the dihedral-boost aMD simulations, the
boost potential, ΔV has an average of 3.1 kcal/mol, which is
lower than that of the dual-boost aMD (4.2 kcal/mol).
E
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Figure 3. Free energy proﬁles of backbone dihedrals Φ and Ψ in alanine dipeptide calculated by reweighting ﬁve independent 20 ns dual-boost aMD
simulations using (A, B) exponential average, (C, D) Maclaurin series expansion to the 10th order, (E, F) cumulant expansion to the 1st, 2nd, and
3rd orders. The proﬁles are plotted similarly as in Figure 2.

the energy minimum in both Φ (Figure 2E) and Ψ (Figure 2F).
In comparison, cumulant expansion to the second order
provides the closest PMF in Φ with two energy wells centered
at −150° and −72° accurately reproduced, but PMF of the 48°
local energy well exhibits signiﬁcant increase similar to that of
the exponential average reweighting (Figure 2E). Moreover, the
second-order cumulant expansion overestimates energy barriers
of Ψ by ∼1 kcal/mol at both −120° and 90° as shown in Figure
2F.
In dual-boost aMD simulations, exponential average
reweighting leads to signiﬁcantly overestimated PMF with
incorrect minimum positions and high ﬂuctuations in both Φ
and Ψ (Figures 3A and B). This originates from the fact that

free energy proﬁles of Φ (Figure 2A) and Ψ (Figure 2B) as
obtained from 1000 ns cMD simulation, except that one local
energy well of Φ centered at 48° is increased by ∼1 kcal/mol,
suggesting insuﬃcient sampling of this region with dihedralboost aMD. Using Maclaurin series expansion to the 10th
order, the reweighted PMF proﬁles diﬀers most in Ψ with
position of the energy minimum shifted from 0° to 24° and the
energy barriers lowered by ∼1 kcal/mol (Figure 2D), as well as
in Φ with the −72° energy minimum lowered by ∼0.5 kcal/mol
(Figure 2C). With cumulant expansion, reweighting on the ﬁrst
order that is equivalent to Maclaurin series expansion produces
lower PMF with incorrect minimum positions, while expansion
up to the third order overestimates the PMF values relative to
F
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Figure 4. Distribution anharmonicity of boost potential ΔV of frames found in each bin of (A) Φ and (B) Ψ in the dihedral-boost aMD (aMD) and
dual-boost aMD (aMD_DB) simulations of alanine dipeptide.

Figure 5. Two-dimensional free energy proﬁles of backbone dihedrals (Φ, Ψ) in alanine dipeptide calculated from (A) 1000 ns cMD simulation and
reweighting of 1000 ns dual-boost aMD simulation using (B) Maclaurin series to the 10th order and (C) cumulant expansion to the 2nd order. (D)
The distribution anharmonicity of ΔV of frames found in each bin of (Φ, Ψ) in the 1000 ns dual-boost aMD simulation.

the Boltzmann reweighting factors are dominated by a few high
boost potential frames (ΔV − ΔVmin = ∼12−18 kcal/mol as
shown in Figure 1B). Using Maclaurin series expansion to the
10th order (cumulant expansion on the ﬁrst order), the

reweighted PMF proﬁles are less noisy, but they do not
reproduce the accurate energy minimum values in Φ (Figure
3C) or the original minimum position in Ψ (Figure 3D), and
the energy barriers are underestimated by ∼1−2 kcal/mol. In
G

dx.doi.org/10.1021/ct500090q | J. Chem. Theory Comput. XXXX, XXX, XXX−XXX

Journal of Chemical Theory and Computation

Article

Figure 6. Chignolin: (A) scheme representation of backbone dihedrals Φ4 and Ψ4 of the only proline residue (Pro4) and (B) the probability
distribution of boost potential ΔV obtained from three independent 200 ns dual-boost aMD simulations. Trp-cage: (C) scheme representation of
backbone dihedrals Φ12 and Ψ12 of Pro12 that is located in the middle of the protein chain and (D) the probability distribution of boost potential
ΔV from four independent 500 ns dual-boost aMD simulations.

(Figure 4B), which appears as an indicator of incorrectly
reweighted PMF in these regions as shown in Figure 2F.
Overall, γ is close to zero in most regions of Φ and Ψ except
the energy barriers in the dual-boost aMD simulations. ΔV
satisﬁes near-Gaussian distribution in these regions, for which
suﬃcient conformational sampling is achieved and highly
accurate PMF is recovered through cumulant expansion to the
second order.
The two-dimensional PMF proﬁles of (Φ, Ψ) in alanine
dipeptide are presented in Figure 5. From the 1000 ns cMD
simulation, the global energy minimum is identiﬁed at (−150°,
0°) and another four local minima at (−78°, −6°), (−150°,
156°), (−66°, 150°), and (48°, 30°) (see Figure 5A). In
comparison, the exponential average reweighting produces
highly ﬂuctuating PMF with large magnitudes of 20−40 kcal/
mol in the 20 ns dual-boost aMD simulation (Supporting
Information Figure S4A), even in the converged 1000 ns aMD
simulation (Supporting Information Figure S4B). For reweighted PMF proﬁles using Maclaurin series and cumulant

contrast, while cumulant expansion to the third order still leads
to deviated PMF proﬁles, expansion to the second order
recovers the most accurate PMF proﬁles with negligible
ﬂuctuations that agree excellently with the original obtained
from 1000 ns cMD simulation (Figures 3E and F). Reweighting
of a converged 1000 ns dual-boost aMD simulation leads to
closely similar results, as shown in Supporting Information
Figure S3.
Next, we analyze the distribution anharmonicity, γ of ΔV for
aMD trajectory frames found in each 6°-bin of Φ and Ψ (see
details in Methods). In the region of 0°−90° for Φ, the
anharmonicity γ of the dihedral-boost aMD simulations is
signiﬁcantly higher than that of the dual-boost aMD (Figure
4A). This justiﬁes the ﬁnding that less accurate PMF proﬁles
are obtained from dihedral-boost aMD simulations using
cumulant expansion to the second order than from the dualboost aMD. Moreover, in the two regions of Ψ energy barriers
at −120° and 90° (especially the central barrier at −120°),
dihedral-boost aMD exhibits marked higher anharmonicity
H
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Figure 7. Free energy proﬁles of backbone dihedrals Φ4 and Ψ4 in chignolin calculated from reweighting three independent 300 ns dual-boost aMD
simulations using (A, B) exponential average, (C, D) Maclaurin series expansion to the 10th order, (E, F) cumulant expansion to the 1st and 2nd
orders. The free energy proﬁles obtained from two independent 1000 ns cMD simulation are also plotted for comparison. The distribution
anharmonicity of ΔV in the aMD simulations are plotted in (G) Φ4 and (H) Ψ4.

expansion, because the 20 ns dual-boost aMD simulation
appears to lack converged sampling, as shown in Supporting
Information Figure S5, results obtained from the 1000 ns aMD

simulation are presented in Figure 5. With Maclaurin series
expansion to the 10th order, the reweighted PMF proﬁle agrees
reasonably well with the original in the overall shape, but it
I
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Figure 8. Free energy proﬁles of backbone dihedrals Φ12 and Ψ12 in Trp-cage calculated by reweighting four independent 500 ns dual-boost aMD
simulations: (A, B) exponential average, (C, D) Maclaurin series expansion to the 10th order, (E, F) cumulant expansion to the 1st and 2nd orders.
The free energy proﬁles obtained from two independent 1000 ns cMD simulation are also plotted for comparison. The distribution anharmonicity of
ΔV in the aMD simulations are plotted in (G) Φ12 and (H) Ψ12.

diﬀers most in the relative PMF values and the global minimum
is incorrectly predicted at (−72°, −60°) as shown in Figure 5B.
The calculated root-mean-square error (RMSE) is 1.24 kcal/

mol. In contrast, using cumulant expansion to the second order,
the global minimum is correctly reproduced at (−150°, 0°),
similarly for the other four local energy minima (Figure 5C).
J
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10th order, the reweighted PMF proﬁles are less noisy, but they
diﬀer most in the energy barrier region of Ψ4 near 75° by ∼2
kcal/mol (Figure 7D). With cumulant expansion, since the
reweighted PMF proﬁles using expansion to the third order
exhibit large energetic noise as seen in Figure 3E and F, they are
not presented for chignolin, also for Trp-cage below. Cumulant
expansion on the ﬁrst order generates deviated PMF proﬁles,
similar to the Maclaurin series expansion. In comparison, PMF
proﬁles obtained from cumulant expansion to the second order
exhibits better agreement with those of 1000 ns cMD
simulations with errors of ∼0.5 kcal/mol (Figure 7E and F).
High ﬂuctuations are observed in the energy barrier region of
Ψ4 centered at 75° (Figure 7F), which is strongly correlated
with the increased anharmonicity of the ΔV distribution found
in the energy barrier region (Figure 7H). In the energy well
regions of Φ4 centered at −72° and Ψ4 at −30° and 150°, the
anharmonicity of ΔV distribution stays low at ∼0.05 (Figure
7G and H). This justiﬁes the accurate PMF obtained in these
regions through cumulant expansion to the second order.
For Trp-cage, high energetic noise is found in the reweighted
PMF proﬁles obtained through exponential average (Figure 8A
and B), similar to those of alanine dipeptide and chignolin.
Based on Maclaurin series expansion to the 10th order, the
reweighted PMF proﬁles are much less noisy, but the PMF
values of Φ12 in the energy barrier region −12°−12° diﬀer most
from the cMD simulations by ∼2 kcal/mol, and the energy
minimum position of Ψ12 is shifted from −18° to −36° (Figure
8C and D). In comparison, cumulant expansion to the second
order provides reweighted PMF proﬁles that are similar to the
original as obtained from the 1000 ns cMD simulations within
∼kBT statistical errors (Figure 8E and F). High ﬂuctuations
observed in the energy barrier regions are also strongly
correlated with the increased anharmonicity of the ΔV
distribution as shown in Figure 8G and H. In summary,
reweighting based on cumulant expansion to the second order
provides the most accurate reweighted PMF proﬁles compared
with the exponential average and Maclaurin series expansion.

The reweighted PMF proﬁle is closely similar to the original
with RMSE of 0.68 kcal/mol. Figure 5D plots the
anharmonicity of ΔV distribution in each bin of (Φ, Ψ) in
the 1000 ns dual-boost aMD simulations. Low anharmonicity
values (typically <0.1) are found in the sampled conformational
space except the energy barrier regions, which again justiﬁes the
accurate aMD reweighting using cumulant expansion to the
second order.
In summary, exponential average reweighting is accurate only
when distribution of the boost potential is narrow with the
range δΔV ≤ 20kBT as found in dihedral-boost aMD simulation
of alanine dipeptide. This is consistent with many previous
aMD studies.1a,5a,27 However, conformational changes of
biomolecules can be limited by slow diﬀusion of the
surrounding solvent molecules. Thus, dual-boost aMD has
been developed to accelerate the dihedral transitions and slow
diﬀusive motions concurrently.1b While dual-boost aMD
provides acceleration at a higher level and greatly improves
the conformational sampling,2b,4a boost potential of much
wider distribution is applied in the simulations (see Figure 1B
and Table 1). In this case, the exponential reweighting generally
leads to high energetic noise because the Boltzmann
reweighting factors are dominated by a few high boost potential
frames. Although the Maclaurin series expansion greatly helps
suppressing the energetic noise with the distribution range of
the reweighting factors reduced by ∼5 orders of magnitude (see
Supporting Information Figure S2A), it often misses reproducing the correct energy minimum positions and the PMF errors
can be as large as ∼2−3kBT. The large noise of aMD
reweighting factors can be suppressed using cumulant
expansion as well (Supporting Information Figure S2B).
When distribution of the boost potential exhibits low
anharmonicity, reweighting using cumulant expansion to the
second order is able to recover highly accurate free energy
proﬁles within the statistical errors of ∼kBT. Using cumulant
expansion to the third order, the reweighted PMF proﬁles are
rather deviated from the original even in the converged 1000 ns
dual-boost aMD simulation (Supporting Information Figures
S3E, F), largely due to propagation of small errors in the
estimates of the third order cumulants.
Chignolin and Trp-cage. Apart from the alanine dipeptide,
reweighting of aMD simulations is further analyzed on two fastfolding proteins (chignolin and Trp-cage) as compared with
1000 ns reference cMD simulations (see Methods). Particularly, free energy proﬁles are calculated for backbone dihedrals
of Pro4 in chignolin (Φ4 and Ψ4 in Figure 6A) and Pro12 in
Trp-cage (Φ12 and Ψ12 in Figure 6C). With increasing system
size, higher boost potential ΔV is applied in aMD simulations
of chignolin and Trp-cage than in the alanine dipeptide
simulations (Table 1). For chignolin, the ΔV has an average of
8.5 kcal/mol with 3.2 kcal/mol standard deviation, exhibiting a
wide distribution from 0 to 31.9 kcal/mol (Figure 6B). For
Trp-cage, the ΔV is further increased to an average of 38.8
kcal/mol with a broad distribution (σΔV =7.0 kcal/mol),
ranging from 13.6 to 80.1 kcal/mol (Figure 6D).
In dual-boost aMD simulations of chignolin, reweighting
using exponential average leads to high ﬂuctuations in both Φ4
and Ψ4, as shown in Figure 7A and B. The energy wells are
poorly reproduced and the energy barrier of Ψ4 at 75° is
overestimated by ∼6 kcal/mol. Again, this originates from the
broad distribution of ΔV, for which the Boltzmann reweighting
factors are dominated by the high boost potential frames with
ΔV = 20−32 kcal/mol. Using Maclaurin series expansion to the

■

CONCLUSIONS
AMD is an eﬃcient enhanced sampling technique that has been
demonstrated to capture millisecond-time scale events in both
globular and membrane proteins. Unlike many other biased
sampling methods, aMD is able to explore the conformational
space of biomolecules without the requirement of predeﬁned
reaction coordinate(s). However, accurate reweighting of aMD
simulations has been a long-standing problem.5a
In this study, we systematically compared the currently used
aMD reweighting algorithms, including the exponential average,
Maclaurin series and cumulant expansion, with simulations on
three model systems, that is, alanine dipeptide, chignolin and
Trp-cage. In the dihedral-boost aMD simulations of alanine
dipeptide, the boost potential exhibits a relatively narrow
distribution with a range δΔV ≤ 12 kcal/mol, for which
exponential average is able to recover the original PMF proﬁles
within errors of ∼1 kcal/mol. In the dual-boost aMD
simulations of alanine dipeptide, chignolin and Trp-cage, larger
boost potentials of broader distribution (δΔV ≥ 18 kcal/mol)
are applied. The exponential reweighting factors are dominated
by a small number of simulation frames with the largest ΔV,
leading to highly noisy PMF proﬁles. Reweighting based on the
Maclaurin series expansion that is equivalent to cumulant
expansion on the ﬁrst order greatly suppresses the energetic
noise, but the energy minimum positions are often incorrectly
K
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reproduced and the PMF values exhibit errors of ∼1−2 kcal/
mol in the systems examined. In contrast, cumulant expansion
to the second order normally recovers the most accurate PMF
proﬁles (within ∼kBT of the original), particularly when the
distribution of ΔV satisﬁes near-Gaussian distribution. In this
context, anharmonicity of the ΔV distribution, γ can serve as an
indicator of the accuracy of aMD reweighting using cumulant
expansion to the second order.
For simulations of larger systems (e.g., proteins with several
hundred residues and hundreds-of-thousand to millions of
atoms), signiﬁcantly higher boost potential with broad
distribution (e.g., δΔV ≈ 100−200 kcal/mol) often occurs
with the current aMD scheme and accurate reweighting
remains challenging.5c In future developments, the anharmonicity of the ΔV distribution, γ could be used to propose new
formula for aMD boost potential such that accurate reweighting
can be achieved. Furthermore, the postprocessing of aMD
trajectories could be optimized to minimize the anharmonicity
of the boost potential distribution, for instance through the
selection of a good set of multidimensional reaction
coordinates. In general, we expect cumulant expansion to ﬁnd
great use in the reconstruction of accurate free energy proﬁles
from aMD simulations.
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R.; Götz, A. W.; Poole, D.; Le Grand, S.; Walker, R. C. Routine
Microsecond Molecular Dynamics Simulations with AMBER on
GPUs. 2. Explicit Solvent Particle Mesh Ewald. J. Chem. Theory
Comput. 2013, 9 (9), 3878−3888. (d) Salomon-Ferrer, R.; Case, D. A.;
Walker, R. C. An Overview of the Amber Biomolecular Simulation
Package. Wiley Interdiscip. Rev.: Comput. Mol. Sci. 2013, 3 (2), 198−
210.
(21) Le Grand, S.; Gotz, A. W.; Walker, R. C. SPFP: Speed without
CompromiseA Mixed Precision Model for GPU Accelerated
Molecular Dynamics Simulations. Comput. Phys. Commun. 2013, 184
(2), 374−380.
(22) Barua, B.; Lin, J. C.; Williams, V. D.; Kummler, P.; Neidigh, J.
W.; Andersen, N. H. The Trp-cage: Optimizing the Stability of a
Globular Miniprotein. Protein Eng., Des. Sel. 2008, 21 (3), 171−185.
(23) Jorgensen, W. L.; Chandrasekhar, J.; Madura, J. D.; Impey, R.
W.; Klein, M. L. Comparison of Simple Potential Functions for
Simulating Liquid Water. J. Chem. Phys. 1983, 79 (2), 926−935.
(24) Ryckaert, J.-P.; Ciccotti, G.; Berendsen, H. J. C. Numerical
Integration of the Cartesian Equations of Motion of a System with
Constraints: Molecular Dynamics of n-Alkanes. J. Comput. Phys. 1977,
23 (3), 327−341.
(25) Berendsen, H. J. C.; Postma, J. P. M.; Vangunsteren, W. F.;
Dinola, A.; Haak, J. R. Molecular-Dynamics with Coupling to an
External Bath. J. Chem. Phys. 1984, 81 (8), 3684−3690.
(26) Essmann, U.; Perera, L.; Berkowitz, M. L.; Darden, T.; Lee, H.;
Pedersen, L. G. A Smooth Particle Mesh Ewald Method. J. Chem. Phys.
1995, 103 (19), 8577−8593.
(27) Wang, Y.; Harrison, C. B.; Schulten, K.; McCammon, J. A.
Implementation of Accelerated Molecular Dynamics in NAMD.
Comput. Sci. Discovery 2011, 4 (1), 015002.

M

dx.doi.org/10.1021/ct500090q | J. Chem. Theory Comput. XXXX, XXX, XXX−XXX

